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Theoretical and Experimental Waveguide
Characterization of Small Wire Scatterers

Jens Reinert, Associate Member, IEEE,and Arne F. Jacob, Member, IEEE

Abstract—A simple method is presented in this paper that allows
us to verify numerically obtained polarizability tensors of electri-
cally small scatterers by waveguide measurements. To this end, a
model of the scattering process within the waveguide is developed.
Measurements performed on a small helix in two different wave-
guide setups are compared to the theoretical data obtained from
the model. A good agreement is demonstrated. Furthermore, the
measured data are highly sensitive to the orientation of the scat-
terer within the waveguide. Thus, the polarizability tensors can be
verified.

Index Terms—Microwavemeasurements, perturbation methods,
scattering parameter measurement, wire scatterers.

I. INTRODUCTION

I N THE LAST two decades, artificial materials made of
electrically small wire scatterers have been discussed

intensively. Both numerical and experimental methods were
developed in order to determine the material properties, i.e.,
the constitutive parameters [1]–[4]. In the experiments, a large
amount of scatterers that form the material under investiga-
tion is measured [3], [5]. In contrast, most of the numerical
methods use results obtained for only one scatterer (usually
its polarizability tensors) and calculate the material properties
by means of effective medium (or mixing) theories [1], [6].
Thus, the numerical tools can only be verified indirectly and it
is nearly impossible to distinguish between errors introduced
by the initial numerical calculations, the mixing theory, inho-
mogeneities within the material, and/or geometrical variations
of the scatterers, whereas the latter two are always present in
practical applications [5], [7].

In the following, a simple waveguide measurement method
is used to determine the scattering parameters of a single
electrically small wire scatterer (or obstacle) in dependence
of its orientation in the waveguide. In order to be able to
interpret these measurements, a model of the scattering process
is developed. Provided the multipolarizability tensors of the
obstacle are known (e.g., from the numerical calculations
mentioned above), the scattering response can be calculated
from this model. Hence, a direct and orientation-dependent
verification of the numerically obtained polarizability tensors
is possible. Since the scatterer in the waveguide is reduced
to its polarizabilities, the equations obtained from the model
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Fig. 1. Scatterer within the waveguide.

are quite similar to those arising from Bethe’s small aperture
coupling theory [8].

Previous investigations of single electrically small wire scat-
terers (or obstacles), as reported in [9], showed a very good
agreement between the calculated and measured orientation-
dependent radar cross sections of the wire structures. To this
end, the scattered far field was calculated from the total cur-
rent flowing on the wire and compared to free-space measure-
ments. In contrast to these investigations, the method presented
here focuses on the verification of the polarizability tensors of
the obstacle; thus, the scattering response, i.e., the scattering pa-
rameters, of the obstacle must be accurately measured with re-
spect to magnitude and phase. As will be shown, this goal can
be reached by using a calibrated and electromagnetically well
shielded waveguide setup.

II. M ODEL

Consider a perfectly electrically conducting (PEC) cylin-
drical waveguide of arbitrary cross section, whose longitu-
dinal axis coincides with the-axis of a Cartesian coordinate
system (Fig. 1). The fundamental mode of such a waveguide
is always a TE (or TEM) wave. The fields of this fundamental
mode can be written as [8]

(1)

Here, the superscript ( ) refers to forward (backward) trav-
eling waves (with respect to the positive-direction), ( ) is the
corresponding field amplitude, and is the wavenumber along
. The transverse field components are given byand , and

is the possible longitudinal component in the TE case. The
model developed in the following is restricted to fundamental
mode propagation and interaction; furthermore, power normal-
ized fields are assumed, i.e.,
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Using Schelkunoff’s field equivalence principle [8] and
image theory, any scatterer (including PEC wires, dielectric
bodies, or coupling holes) within the waveguide can be modeled
as a surface current density radiating into the waveguide.
According to [8], the magnitudes of the scattered waves excited
by this current density can be calculated as

(2)

where is a volume containing . The integral on the
right-hand side can be expanded into a multipole series to give

(3)

with , , and as the electric and magnetic dipole moment, and
the electric quadrupole moment of the scatterer, respectively.
The double-dot product “:” is defined according to

The multipole moments are connected to the multipolari-
zability tensors by microscopic constitutive equations [10].
They read up to the electric quadrupole

(4)

where and are the fields that excite the scatterer. The
symbols and (or ) denote the different dipole and

quadrupole polarizability tensors, respectively. The superscript
indicates the electric (“”) or magnetic (“ ”) origin of the po-

larizability and stands for its electric or magnetic
effect. If the scatterer is reciprocal—which is always the case
for a PEC wire—the following symmetry relations hold for the
different dipole and quadrupole polarizability tensors [10]:

(5)

The upper sign applies if , the lower if . Note that
any further expansion of (4) has to be complete in the sense of
the symmetry relations given in [10], otherwise reciprocity is
not fulfilled and the results become inconsistent.

Now, let a forward-traveling fundamental mode of unit am-
plitude be incident on the scatterer. If the disturbance is small,

and in (4) can be approximated by the undisturbed funda-
mental mode fields. With this assumption, the scattering param-
eters of the inclusion turn out to be

(6)

(7)

Here, , , and are the multipole moments excited by

the forward-traveling fundamental mode fields and .
This approximation gives results that are in good qualitative
agreement with measurements. However, if the scatterer inter-
acts more strongly with the fundamental mode, e.g., at reso-
nance, the approach is likely to produce erroneous results. This
is because the above approximation is not energy conservative.
The latter can be proven by placing, for example, a lossless elec-
trically small dielectric sphere ( , , all
other tensors set to zero) in the waveguide; the energy condition
for the lossless case is not fulfilled.

This effect is also well known from the above-mentioned
small aperture coupling theory [8]. To overcome this problem,
the exciting fundamental mode fields in (4) have to be corrected.
For a first-order approximation, these corrected fields can be
found in the following way.

Consider the waveguide section in Fig. 1. Far away
from the scatterer, the fields consist of the incident and backscat-
tered fundamental mode fields. If higher order modes are ne-
glected, this statement remains valid even if one approaches

. Thus, the fields that excite the inclusion must be

(8)

The same arguments yield for

(9)

Within the correction procedure applied to the small aperture
coupling theory, the average of these two fields is taken as the
excitation. This is necessary to allow for waveguides of different
cross section on either side of the coupling hole. The resulting
expression for the wave amplitudes and scattering parameters
then contains additional terms involving (very small) products
of polarizabilities. Since the waveguide considered here is uni-
form, it is not necessary to perform this last step.

Applying the correction (8) when calculatingfrom (3) and
(9) for the computation of gives

(10)

(11)

where , , and are the multipole moments excited by

the backward traveling fundamental mode fields and .
The scattering parameters are

(12)

(13)

and they satisfy the energy conservation law.
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These expressions differ from (6) and (7) by their denomina-
tors. These denominators are identical, though, because of the
properties of the fundamental mode (1) and the symmetry rela-
tions (5). Therefore, it makes no difference whether corrections
(8) or (9) are used alone or simultaneously, as was done here.
This is a direct consequence of the continuity of the tangential
fields at . Indeed, from (10) and (11), together with (1)
it can be shown that an electric dipole within the waveguide
leads to . As can be seen from (8) and (9), this results
in the correct boundary conditions for the fields in the plane of
the scatterer (continuous tangential electric field, discontinuous
tangential magnetic field). Similarly, a purely transverse mag-
netic dipole causes (discontinuous tangential electric
field, continuous tangential magnetic field). For very small in-
teraction and if products of multipole moments are neglected,
(12) and (13) become (6) and (7).

The remaining scattering parameters and can be ob-
tained from (12) and (13), respectively, by changing the super-
script ( ) to ( ). Of course, , as required for a
reciprocal scatterer.

III. M EASUREMENTS ANDCOMPARISON TONUMERICAL

RESULTS

Measurements were performed in two different waveguide
systems: A circular waveguide setup (30-mm waveguide diam-
eter) and a circular coaxial setup (diameter of inner/outer con-
ductor: 10/40 mm ). The scatterer was a three-turn copper helix
of 4-mm diameter and 4-mm height embedded in a polyurethan
(PU)-foam sphere of 6-mm diameter [5]. In both waveguides,
the helix was positioned by means of a 5-mm-thick Rohacell
foam plug. For the circular waveguide measurements, the helix
was located on the waveguide axis. In the coaxial setup, it was
fixed halfway between the inner and outer conductors. The scat-
tering parameters and were measured using a thru-
reflect line (TRL)-calibrated [11] HP8510C network analyzer.
Since the obstacles investigated in the following are small,
is also small, while is close to unity. For both scattering pa-
rameters, the uncertainty of the measured phase increases with
decreasing magnitudes. As a consequence, the phase ofis
measured with a higher accuracy than that of.

The theoretical polarizabilities of the helix were calculated
using the method described in [6]. All polarizabilities appearing
in (4) were taken into account for the calculations of the scat-
tering parameters. The polarizability tensors obtained from [6]
refer to a reference Cartesian coordinate system, thus, any re-
orientation can be realized by rotating this reference coordi-
nate system into the desired direction. Since the helix with its
surrounding sphere is not a point scatterer, as required by the
theory, the modal fields at the center of the sphere were taken as
the exciting fields. In all experiments, the electric-field vector of
the exciting fundamental mode pointed in the-direction (see
Fig. 1).

Figs. 2 and 3 show the measured and calculated scattering
parameters and for a helix with its axis parallel to the

-axis. The wire ends are in the -plane. The frequency band
displayed contains the -resonance of the helix. For , the-
oretical and measured values agree very well as long as the mag-

Fig. 2. Scattering parameterS (helix axis parallel tox-axis).

Fig. 3. Scattering parameterS (helix axis parallel tox-axis).

nitude is larger than 30 dB. In order to demonstrate the effect
of the correction introduced in the previous section, the mag-
nitude of was calculated with and without it. Since energy
conservation is violated in the latter case, the measured magni-
tude is overestimated, especially at resonance. In order to avoid
these effects, the correction is applied to all following calcula-
tions. The theoretical values of (Fig. 3) reproduce the mea-
sured ones within the typical measurement accuracy (magni-
tude: 0.1 dB, phase: 2 ).

The small resonance shift visible in Figs. 2 and 3 is mainly
caused by the following two effects. First, numerical errors in-
troduced when calculating the polarizabilities shift the reso-
nance (for a discussion, see [6]). Second, the helix dimensions
are known within a tolerance margin, only. These tolerances are
caused by the manufacturing process and can lead to the above
shift [7].

Fig. 4 displays measured and calculated for two helices
with their axes pointing in the- and -directions, respectively.
The achieved measurement (or calculation) accuracy is the same
as in Fig. 3. A comparison of the values obtained for the
three different helix orientations depicted in Figs. 3 and 4 (and
the corresponding values of that are not shown here) in-
dicate that an orientation-dependent verification of the polari-
zability tensors is possible.

To further demonstrate this ability, Fig. 5 displays
measured and calculated in a frequency band centered at the

-resonanceof the helix.Thehelixaxiswasparallel to the-axis.
The calculations show that the measurement value is mainly
caused by the quadrupole polarizabilities of the helix. Neglecting
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Fig. 4. Scattering parameterS for two different helix orientations: Grey
lines: helix axis pointing iny-direction. Black lines: helix axis parallel to
waveguide axis.

Fig. 5. Scattering parameterS at the� resonance (helix axis parallel to
waveguide axis).

the quadrupole polarizabilities in the calculations would lead
to the completely wrong result dB).
Thus, the model enables one to distinguish not only between
different scattering responses due to the helix orientation, but
also due to different polarizability terms. It should be noted
that the scattering parameters of Figs. 2–4 are also affected by
the quadrupole polarizabilities. However, their effect is not as
pronounced as in Fig. 5 and can be neglected in most cases.

IV. DISCUSSION ANDCONCLUSION

The simple model of the scattering process described in
this paper is very easy to implement and produces results in
very good agreement with waveguide measurements. It has
been demonstrated that measured and calculated scattering
responses are highly sensitive to the orientation of the obstacle
within the waveguide. Furthermore, effects caused by different
polarizability tensors and multipole moments are distinguish-
able. Thus, the combination of the model and the waveguide
measurements yields a simple and accurate tool that allows
verification of numerically obtained polarizabilities.

Theoretically, the model enables one to determine the compo-
nents of the polarizability tensors from measurements. Indeed,
it is easy to invert the formulas for the scattering parameters in
order to calculate the different tensor components from mea-
sured data. A full characterization would require the repeated
reorientation of the scatterer within the waveguide. Scattering
parameters obtained from different orientations must then be

combined to isolate the effects caused by a single tensor compo-
nent. However, for the implementation of this procedure, a re-
design of the measurement setup is needed so that the scatterer
can be positioned with higher accuracy and reproducibility.
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